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The restricted eight-vertex solid-on-solid (SOS) model is an exactly solvabie
class of two-dimensional lattice models. To each site i of the lattice there is
associated an integer height /; restricted to the range 1</, <r—1. The
Boltzmann weights of the model are expressed in terms of elliptic functions of
period 2K, and involve a parameter 7. In an earlier paper we considered the
case # = K/r. Here we generalize those considerations to the case # = sK/r, s an
integer relatively prime to ». We are again led to generalizations of the Rogers—
Ramanujan identities.
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1. THE LOCAL HEIGHT PROBABILITIES P,

1.1. Introduction

In a previous paper to be referred to as A, the restricted eight-vertex solid-
on-solid (SOS) model was solved when the parameter # had the value

n=K/r (1.1.1)

r denoting a positive integer and 2K the period of the elliptic functions which
naturally occur. When r = 5 the model is equivalent to a previously solved®
hard square model, which includes the hard hexagon model. When r =4 it
has been noted by Huse® that the model is equivalent to the zero field Ising
model.
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Using the corner transfer matrix (C.T.M.) technique the local height
probabilities P, were calculated for the large but finite system. Then a
generalization of I. Schur’s'® proof of the Rogers—Ramanujan identities was
used to transform the expressions obtained from the C.T.M.s into a from
suitable for taking the thermodynamic limit.

In this paper we repeat the considerations of 4 for

n=sK/r (1.1.2)

where s and r are relatively prime integers (r positive). In general the model
will no longer be physical as there will be negative Boltzmann factors.
Nevertheless, the calculation of the height “probabilities” again involve
generalizations of identities of the Rogers—Ramanujan type. The model is
therefore of independent interest for this feature.

1.2. The Restricted SOS Model with n = sK/r

The restricted SOS model has been defined in A. Consider a square
lattice &. With each site i/ associate an integer height /,. Impose the
condition that heights on adjacent sites must differ by 1. There are six
possible configurations, as shown in Fig. 1. Furthermore restrict the heights

7-1 yi 2+1 £ ? 1
| f+1 / ¢-1 141 ]
(:1Z ap B[
g /+1 7 2+1 Z f-1
/-1 / ¢ +1 ) /-1 ?

Fig. 1. The six possible arrangements of heights round a face of the lattice.
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to lie in the interval 1</, <r— 1. With the sites of a face ordered as in
Fig. 2, associate a weight W(l;,l;]1,,1,). We take for the weights [Egs.
(1.2.12) of A]

WA+ 11—, )=wlLi-1|1+1,)=gq
Wi+ 1,1 1— D) =w(i—1,1|1,1+1)=4, (1.2.1)
Wi+ LI LI+ )=y, W(I-11L1—1)=4

where
ay=p'h{v + 1)

Br=p'h(n —v)[h(w,_,) h(w,. )] Y2 /h(w))

(1.2.2)
v =p'h(2n) h(w, + 1 — v)/h(w))
8,= p'h(2n) h(w, — n + v)/h(w))
The elliptic theta function #4 is defined by
h(v) = 2p""* sin % ,1[11 (1 — 2p" cos % + p“) (1—p™)* (1.2.3)
m n

Fig. 2. The square lattice &, showing a typical face (i, j, n, m) and the two sublattices X
and Y (denoted, respectively, by dots and crosses).
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where K and K’ are the complete elliptic integrals of the first kind, and p is
the nome

p=e KK (1.2.4)

which we take to lie in the interval —1 < p < 1. The quantity p’ is an
arbitrary constant, and w; is given by

w, = 2In (1.2.5)

We are considering the case when # is given by (1.1.2). We regard p and 5
as parameters, and v as a complex variable.
The partition function is

Z=STI W1l 1 ) (1.2.6)

where the sum is over all allowed height configurations, and the product is
over all faces of the lattice. The local height probability is

P,=Z' Y6, a)[ | Wi, L] 1, 1) (1.2.7)

where the ¢ is the Kronecker delta, and the product has the same meaning as
in (1.2.6). {; is the height of the center site 1 of the lattice, a is an integer
between 1 and r — 1. Clearly we have

> P,=1 (1.2.8)

It was shown in A that if the model defined by the weights (1.2.2) with
the restriction that neighbouring heights differ by 1 has the property

h(w,) = h(w,) = 0 (1.2.9)

then the star triangle relation®® is satisfied. With w, given by (1.2.5) and 7
given by (1.1.2) the property (1.2.9) holds so the model again satisfies the
star triangle relation.

1.3. Symmetry Properties of the Partition Function

It was shown in A that the partition function Z and the P,, assuming
toroidal boundary conditions, are unchanged if W(l, m’|l’, m) is multiplied
by

wl—mglgm/gl'gm’ (131)
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where w* =1 and g, is arbitrary. For example, the choice
w=1, g=1 (1.3.2)

negates f§; and leaves the other weights unchanged.
The elliptic theta function has the properties

h(v) = —h(—v) = —h(v + 2K) (1.3.3)
Using (1.3.3) we see either of the substitutions
vov+2K or n—n+2K (1.3.4)

merely negate each of the weights and thus leave Z and P, unchanged. The
substitution

v —v (1.3.5)

and then making the transformation (1.3.1) with w=1, g, = [1/h(w)]'?
interchanges the weights «, and f§,, and replaces y, by J,,, and §, by y,_,.
From Fig. 1 this corresonds to a rotation of the lattice through 90°, and thus
leaves Z and P, unchanged. Similarly the substitution

R (1.3.6)
corresponds to a rotation of the lattice. If we make both the substitutions
vo>K—v and n-K—py (1.3.7)

and then make a transformation of the form (1.3.2) to negative §,, both Z
and P, are unchanged.
The elliptic theta function has the quasiperiodicity property

h(v +iK') = (p)~ Ve /K p(v) (1.3.8)
Thus the substitution
vo v+ iK' (1.3.9)

and then making the transformation (1.3.1) with w=1 and g,=
exp(—ninl*/2K) multiplies each weight by the constant

c=(p) Ve K (1.3.10)

Hence Z is multiplied by ¢V (¥ = number of faces of the lattice), and the P,
are unchanged.
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When 0 < p <1 the symmetry properties (1.3.4), (1.3.6), and (1.3.7)
imply it suffices to consider the region 0 < # < K and —# < Re(v) < 2K — 1.
Recalling n =sK/r, it is convenient to break the region into “regimes.”
Labeling them in an analogous manner to those in A we define the following:

Regime II: 0 < p <1, s=1n<Re(v)<K—n
0<p<l, §=2,3,.,r—1,n<Re(w) < 2K —1p

Regime III: 0 < p <1, §=1,2,.,r—2,—n <Re(v) < 7
(1.3.11a)
0<p<l, s=r—1,K—n<Re(®)<ny

Regime VIII: 0< p <1, s=r—1,—(K—n)<Re()<K-—pn

Regime VIII has been reported for hard hexagons in Ref. 6. We have
not included the region s=1, K—#n <Re(v) < K +#, the region s=1,
K471 <2K—n nor the region s=r-—1, —5 < Re(v) <7 — K. From the
symmetry (1.3.7) the first of these regions is identical to Regime VIII, while
from the symmetries (1.3.7) and (1.3.6) the other two regions are identical to
Regime II with s = 1.

When —1 < p < 0 and thus Im(K‘) = K the additional symmetry (1.3.8)
implies it suffices to consider the region 0 <7 < K/2, —n < Re(v) < K — .
Breaking the region into regimes, we define

RegimeI: —1<p<0, s=1,2,.,[(r—1)/2],71 <Re(v) <K —17n
RegimeIV: —1 < p<0, s=12,.,[(r—2)/2],—n <Re(w) <7
1 —1<p<0, rodd,s=(r—1)/2,(K/2)—n <Re(®) <y
Regime X: —1 < p< 0, rodd,s=(r—1)/2, (1.3.11b)
—((K/2) = 1) <Re(v) < (K/2) =1
where | | denotes the integer part. Here, for r odd and s = (r — 1)/2 we have

not included the region —y < Re(v) < (K/2) —# since from the symmetry
(1.3.6) this region is identical to Regime IV with s = (r — 1)/2.

1.4. The Weights in Terms of the Conjugate Modulus

The above regimes were defined so that their boundary separates
regions with different ground states. To investigate the ground states it is
necessary to convert the weights to conjugate modulus form. This has been
done in A [Eq.(A37) if 0< p< 1, (A58), if —1 < p < 0]. However the
expressions in A can be simplified if we use the transformation (1.3.1) to
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remove the factors involving the g; from all the weights, and the factors wl’2,

w~ 12 in the weights (A58). Defining the function E(z, x) for all complex z
and |x| < 1 by

E(z,x)= ﬁ (1 —x""12)(1 —x"z 7)1 —x")
= i (=) xntm Dz g (1.4.1)
we then have
a,=w " E(xw™")
Bi=v(xE,_,E"'/(WE}))"* E(w)
3= VE(x) E(xtw)/E(x)
8, =vE(x) E(x'w~")/E(x")

(1.4.2)

where v is independent of x, w, and [ and thus irrelevant [it is given explicitly
in 4, Egs. (A35) and (A56) if we divide those expressions by E(x)],

E;=E(x', y) (1.4.3)

and we have written E(z, y) simply as E(z). The quantities x, y and w are
dependent on the sign of p. Denote

—4xn/M’
s

x=e w =g oM (1.4.4)

Then if 0 < p < 1,

M =K', y=x"* (1.4.5)
while if —1 < p < 0 (and thus K’ =L’ + iK)
M' =2L', y=-x"% (1.4.6)

From the conjugate modulus form of the weights we can determine
whether or not the model is physical, or can be made physical by a transfor-
mation of the type (1.3.1) (by physical we mean that all the Boltzmann
weights are positive). Using the product expansion of the E function (1.4.1)
we conclude the only physical cases are Regime Il s=r —1 (p'" <w < 1),
s=1; Regimell s=1 (I<w<x™'), s=r—1; Regimel s=1
(1 <w<x"'); RegimeIV s=1.



442 Forrester and Baxter

Let us consider the model defined by (1.4.2) and (1.4.4). Define y by
the relation

ye=x, 1ugr—1 (1.4.7)

We can then give a unified treatment of all the regimes defined by (1.3.11) if
we allow x to take both positive and negative values with

|x| <1 and y*+#x' for any t and I =1,2,..,r — 1 (1.4.8)

[This is essential for the weights (1.4.2) to be well defined|. To see this first
not that analogous to the symmetry property (1.3.7) we have P, unchanged
by the substitutions

both x - y/x and w— 1/w (1.4.9)
Define a generalized Regime III (I1I;, say) by

Regime Il :  [x|<|w|< 1, |y|<|x|<1 (1.4.10)

By writing the definitions of Regimes III, IV, VIII, X (1.3.11) in terms of x,
y, and w we see immediately these regimes are contained in Regime III;.
Furthermore the mapping (1.4.9) takes both RegimesI and II into Regime
ITI;. Hence denoting the height probability in Regime III; by PI's(x, y, u)
(in choosing this notation we have used the fact, to be established subse-
quently, that the P, are independent of w), and in Regime T (T =L,..., X) by
PI(r,s, y) we have

P(II(}”, Sy y) = P;IIG(_e-Zn(K/z_n)/Lr, _e*nK/L” . 2S)
P!Ill(r, s, y)= P‘Izllg(e—éln(Kfn)/Kr, KK )

P;”(r, s, y) =P;II(;(e~47tn/K" e-—47tK/K’, S)

) ) (1.4.11)
P‘IIV(r’ s, y) :Pllzllg(e—lnn/L , _e—nK/L , 2S)
PVIH(T‘ r—1 y) :PIIIG(e—4n(K—n)/K’ e~4nK/Kr r— 1)
a E 2 a b b
PI(r, (r = 1)/2, y) = Pjllo(e 7, —e 7™My — 1)
Note in particular
Pl (r,s, ) =Pi(r,r—s, y) (1.4.12)

which is a consequence of the symmetry (1.3.7).
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1.5. The Ground States

We have seen that Regimes I-X are contained in Regime III;. Hence in
discussing the ground states it suffices to discuss this generalized regime,
with u restricted to the values given by (1.4.11).

First note that Regime III; is not distinct, in the sense that the P,
calculated in the region

IxI<wl<{x2 y[<Ix]<1 (1.5.1)
can be deduced from the P, calculated in the region
XL IwlLL, yl<]x] <1 (1.5.2)
This follows from the mapping [analogous to (1.3.6)]
w— x/w (1.5.3)

which rotates the lattice through 90° and thus leaves the P, unchanged.
Hence it suffices to consider the region (1.5.2).

We seek the ground states configuration(s) of the partition function
defined by the weights (1.4.2). The ground state configuration is defined as
that which maximizes the absolute value of the partition function (allowing
for multiplicities) in the limit M’ — 0, which corresponds to extreme order or
disorder. From (1.4.4) and (1.4.7) we see this is equivalent to taking
x, y,w— 0, provided jw|# | ie., Re(v)#n, a condition we shall assume.
We consider four candidates, which are analogues of known ground states of
the hard hexagon model and the Ising model (see Fig.3). Clearly other
ground states can be constructed by translations of those given in Fig. 3.
Thus there are two possibilities for each N, and S, (height / on the X or ¥
sublattice), four possibilities for each Q,, and 2r — 4 for R.

From Fig. 3 and (1.4.2) we have for the Boltzmann weight per pair of
sites

E(x'w) E(x'"'/w)
E(xl) E(xl+ 1)

[E(xl—l)E(le)]l/z

N,= E*(w)

Q,= |x"?E(w) E(x/w) E0) (1.5.4)
_ E(x)E(x*/w) %02
R=|wEx/w) [E(x/w) E(xz)w“/z]

where we have set the constant v in (1.4.2) equal to 1. Note N, Q,, and R
are all unchanged by replacing x! by x'y. It is therefore convenient to regard
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Fig. 3. The ground states and their associated Boltzmann weights per pair of sites. Dotted
lines indicate the heights all have the same values along that diagonal, and in (c) jagged lines

indicate the heights successively take every integer value between the heights on each end of
the jagged lines.
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Fig. 3 (continued)

x' as an independent variable (denoted by z, say) so we can restrict our
attention to the interval

yi<lzl<t (1.5.5)

Note in general, for given values of y and x, z is a discrete variable which
can assume the values

xty, (=1,2,,r—2 (1.5.6)

where n is any integer.
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From the product definition of the E function we easily calculate the
values of N,, Q,, and R (for the latter two we have to consider separately the
cases y <x” and y>x?). For the disordered ground state S, to be a
candidate, equality between N,, N, ;, and Q, is required (recall Fig. 3).
From the calculations of N, and Q, we see this is only possible in the portion
of Regime III; corresponding to Regime I and IV when /= r/2 (r even).

Comparison of the values of N,, 0,, R, and S, thus obtained shows N,
is a ground state, provided y/x <|z| < 1, which from (1.5.6) is equivalent to
requiring for some [ =1, 2,....r — 2

O<n+lur<l—ufr (1.5.7)

where for each regime u is defined by (1.4.11), and » is any integer. This
equation has each /= 1,.., (r —2) as solutions, excluding those [ in the

intervals
— —1
[5—1,5], [z—l,z],...,[(‘u o )r] (1.5.8)

ul Lu u u u

where | | denotes here (and will do so throughout) the integer part function.
In Regimes I and IV, when r is even, the configuration S, , is also a ground
state.

In Regime II with s = 1, Regime III with s = r — 1, Regime IV with s =
(r — 1)/2 and in Regimes VIII and X the inequality (1.5.7) is not satisfiable
(all these cases occur when y=r—1). We find the ground states are Q,
(I=2,..,r—2) for Regimes VIII and X, and R in the remaining regimes.

The ground states are summarized in Table L.

1.6. P, for the Large but Finite Lattice

We want to evaluate the P,, that is the probability the center height /,
has height a. The lattice & is taken to be planar and finite. Suppose for
definiteness the center site lies on the X sublattice (recall Fig. 2). As noted in
A, the P, will depend on the particular ground state, so that the number of
distinctive ground states will equal the number of distinctive P, is a given
regime. The ground states can be naturally divided into two classes
according to whether the even or odd heights lie on the X sublattice (which
we call even and odd ground states, respectively).If the ground state is even
(odd) we clearly have

P,=0, unless a is even (odd) (1.6.1)

In calculating the P,, the ground state is determined by fixing the
values of the heights on the outer two sites of each end of each row and
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Table |
Total ground
Regime N,° o, R S, states”

I, reven 2s — 2 0 0 1 45 —2
I, rodd 25 — 1 0 0 0 4s —2
II,s# 1 s—1 0 0 0 25 —2
ILs=1 0 0 1 0 2r—4
L s (r—1) r—s—1 0 0 0 2r—s—1)
IIILs=r—1 0 0 1 0 2r—4
IV, reven r—2s—12 0 0 1 2(r—2s—1)
IV,rodd, s+ (r — 1)/2 r—2s—1 0 0 0 20—25—1)
IV,s=(r—1)/2 0 0 1 0 2r—4
VIII 0 r—3 0 0 4r —12
X 0 0 0 4r — 12

‘
|
T W

¢ The entry under the headings N,, Q,, and S, gives the total number of distinct ground states
of that type, excluding those obtained from translations.

® The “total ground states” column gives the total number of ground states for the regime
including those obtained from translations.

column. If the boundary heights correspond exactly to those of a particular
ground state, then the P, corresponds to that ground state. If the boundary
heights do not correspond to a particular ground state, then the P, will
correspond to the ground state which has the greatest number of sites with
heights at the ground state value. For example, in Regime IV with r =35, we
see from Section 1.5 that the ground states are L, and L,. If we choose as
the boundary heights 2 and 3, then the P, would correspond to L, (see
Fig. 4).

As in A, we calculate the P, using the corner transfer matrix technique.
This is done in the Appendix, but the method fails for the unphysical
Regimes VIII and X, so we shall from now on restrict attention to Regimes I
to IV. It suffices to calculate the P, in Regime IIl;, with x given by (1.4.4),
y given by (1.4.7), and u restricted to the values (1.4.11).

Define the function c(k, I, m) by

c(l,1—1,0)=[lu/r]
c(LI+ 1,0 =~—[lu/r] (1.6.2)
c(l—LLI+D)=cl+1,,1-1)=1/2
We then find in all cases except u=r— 1

P,=S"'E(x% y)D,(a,b,c';x?) (1.6.3)
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| |
3 — 2 — 3 3 — 2 —— 3
I o
I I N R N
R ]
. I
| |
(a) (b)

Fig. 4. With the boundary heights fixed at 2 and 3, the remaining heights have been fixed at
an L, ground state in (a) and an L, ground state in (b). More sites of that lattice have heights
corresponding to the L, ground state.

fora=1,2,...r— 1 where

D,(a.bcsq)= > ¢°" (1.6.4)
Lyyeroslm
o) =c(ly, Ly 1) + 2¢(ly, Iy, L) + -+ me(lys Ly 15 dmyy) (1.6.5)
r—1
S= 2 *E(x% y)Dpa,b,c’;x?) (1.6.6)
a=1

Here 1= {/}, 1,,...,I,,.,) is a set of integer heights satisfying the restrictions
1<L<r—1, [ —L=1 (1.6.7)

J

for j> 1. The summation in (1.6.4) is over all allowed values of /,,...,/,,
Lolwots Ly, being fixed at the values

[, =a, loo1=b, lyi,=c (1.6.8)
Thus a, b, ¢’ must lie in the range 1, 2,...,7 — 1 and must satisfy
|b—¢c'|=1, m + a — b = even integer (1.6.9)

The heights /, ..., I, , correspond to the heights of sites on the center row of
<, starting at the center site 1 and moving right to the boundary. Thus
Lyiislnyq i, b, ¢’ are the fixed boundary heights. In (1.6.6) the asterisk
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indicates the sum is restricted to either all even or all odd integers from 1 to
r — 1 (corresponding to the even and odd ground states, respectively).

The case 4 =r— 1 requires separate treatment. Instead of considering
Regime ITI; we consider the region

L<iwl <ly/x¥'2 p=x" (1.6.10)

which when x, y > 0 is Regime II with s = 1. Let us denote this region by
Regime II,. The transformation (1.4.9) maps the weights (1.4.2) defined in
Regime II,; into Regime III; with 4 =r — 1. Thus, in an obvious notation

Piz”G(xa y,r—l):PLIG(J’/X,ya 1)9 yr—lzxr (1611)

We find in the Appendix

Plo(x, y, 1) =T ""u,D,(a, b,c’s x> ") (1.6.12)
where
u, =xCOAE(xA, ) (1.6.13)
r—1
T= Y*u,D,(abc;x*") (1.6.14)
a=1

The function D,, is defined by (1.6.4) with 4 = 1, and the asterisk in (1.6.14)
has the same meaning as in (1.6.6).

2. EVALUATION OF THE PROBABILITIES P,

2.1. Comments on the Method

The expression (1.6.3) for the P, in terms of the m-fold sum D, is a
generalization of the corresponding sums in A (and of course includes those
sums). In A a generalization of 1. Schur’s proof of the Rogers—Ramanujan
identities” was used to transform the P, in terms of the Gaussian
polynomials. This form was then found suitable for taking the limit m — co.
We again find a similar approach suffices.

In Regime II of A (Regime Il of this paper with s = 1) this limit was
not easy to obtain: it was necessary to use the theory of well-poised
hypergeometric series. This will also be the case here in Regime III when
s=r—1, and in RegimeIV when s=(r— 1)/2. However from (1.4.11)
these regimes are simply related to Regime Il when s =1, so we use the
results obtained in A for this region.

822/38/3-4-2
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2.2. Gaussian Polynomials

The Gaussian polynomials are defined as

N M 1— N—M+j
M=% oemer
j=1
=0 otherwise

We will require the two recurrences (p. 35 of Ref. 7)
= =]
M 172 R VS
)L =
Ml T lm—1]177 | M

the symmetry property

)=

and the limiting behavior (for |g| < 1)

) [N+M
lim

N.M -

| = @@

where

0@~ T] =4

23. The P, in Terms of the Gaussian Polynomials

Forrester and Baxter

(2.2.1)

(2.2.2)

(2.2.3)

(2.2.4)

(2.2.5)

(2.2.6)

Let us write the function D,(a, b, ¢; g¢) simply as D,{a, b, c). Here we
express the functions D, (a,b,b+ 1) and D, (a,b,b— 1) in terms of the
Gaussian polynomials. From (1.6.2)}-(1.6.5) the function D, can be totally

defined by (a) the recurrences,

Dm(a5 b’ b+ 1) = qm[(b+1)u/r]Dm—l(a: b+ 19 b) + qm/sz-l(aa b— 15 b)

(2.3.1)

D, (a,b,b—1)=q"*D, _[(a,b+1,b)+g ™O=V*1D__ (a,b—1,b)

(2.3.2)
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(b) the boundary conditions,

D, (a,b—1,b)=0 when b= 1 (2.3.3)
D, (a,b+1,b)=0 when b=r—1 (2.3.4)

{c) the initial conditions
Dy(a, b, b+ 1)=Dy(a,b,b—1)=4,, (2.3.5)

To investigate the recurrences (2.3.1) and (2.3.2) we must consider values of
the function [bu/r], 1 <b<r—1. Since 1 Lu<r—1 this function is zero
when b =1 at least. The function then increases in integer steps with the
largest assumed value being ¢ — 1. Divide the b values into sets I, such that

L={b:[bufr) =k, 1<b<r—1}, k=01l.u—1 (23.6)

Note since u < r, each I, is nonempty. Denote the smallest element of the set
I, by e, and the largest element by e;. We can then classify the values of the
functions [(b + 1)u/r| and [(b — 1)u/r]. We have

L= {b:[(b+ Dutfrl =k L <b<r =2} = (L Ue}_,})— fej} (2.3.7)
M= (b: [(b— Du/rl =k, 2<b<r— 1} = (L Ule,. ) — (e (23.8)
Our strategy is to consider the function D, as lying in different
domains, according to the value of [(b + 1)u/r] and [(b— 1)u/r]. We say
the function D,(a,b,b+ 1) lies in domain k if b€ L,, while we say
D,(a,b,b— 1) lies in domain k if b € M,. In both cases we indicate the
domain by writing D,, = D

Then we can write the recurrences (2.3.1) and (2.3.2) as the 2u
recurrences

D¥(a,b,b+1)=g""D® (a,b+1,b) +¢™>D® (a,b— 1,b)
bEL,—{ef }, k=0,1.,u—1 (23.9)
D@, b,b = 1)=¢"* D[ (a, b+ 1,b) +q "D (a, b~ 1,b)
bEM, —{e, ), k=0,L.,u—1 (23.10)
D$+1)(a, e[/(’e,r( + 1):q(k+1)mD§'l;)_1(a’ e;(+ l,e,’()
+4"’ Dy \(a, e — 1, ¢}) (2.3.11)
D:rf)(ch €ui1r€ry— 1)= qm/sz,],(jll)(a, e+ lecy)

+q7 DG a e~ Loeg, ) (23.12)
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where in the last two recurrences k=0, l,..,u —2 (thus if g=1 these
recurrences are not present) and we take {e; ,} and {e,,,} to be null if
k=0, u—1, respectively. The recurrence (2.3.11) can be simplified if we
substitute b = e}, in (2.3.10), multiply both sides of the equation by g*”* ™2,
and then substitute in (2.3.11). This gives in place of (2.3.11)

D¥(a,ef, e —1)=g *mm2DED(g e, ef +1)  (2.3.13)

Similarly, replace & by k+ 1 in recurrence (2.3.9), substitute b=e,,,,
multiply both sides of the equation by ¢~*"~™2 and then substitute in
(2.3.12). This gives in place of (2.3.12)

D¥P(a, ey, 1> €5~ 1) =g km—m2p%+D(g e e, . +1) (2.3.14)

The equations (2.3.13) and (2.3.14) are regarded as boundary
conditions between the domains. Note that a sufficient condition for both
these equations to hold is

D®(a,b,b—1)=g km=m2D%+ V(g p b+ 1) (2.3.15)

for all integers b. We will in fact establish this more general property. Hence
the D% (and thus the D,,) are totally defined by the recurrences (2.3.9) and
(2.3.10), the boundary conditions (2.3.3), (2.3.4), and (2.3.15), and the
initial condition (2.3.5).
By analogy with the form of the solutions obtained in A we sought

solutions of the form

Zqwlzm(a,b,bi1)A+B(a,b,bi1)+m1(a,b,bi1) [ m ] (2.3.16)

1 m+a—b

— ri

where the 7, a, §, and 7 were to be determined. We thus derived the following
result.

Theorem 2.3.1. Form>0, 1<a,b<r, m+a—>b an even integer

D®(a, b, b + 1) =g Datmr@bbz oW (G p b1 1)~ g®(—a, b, b + 1))

(2.3.17a)
where
(@, b, b £ 1) = +k/2 (2.3.17b)
) < (r— A2+ (@, bb £ DA+B(a,b,b+ 1) m
,b,b 1 — rir—u ala,b, a,n,
g% (a +1) AzZ_OOfI [m+a—b }
—

(2.3.17¢)
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ala,b,bt )=r(b+b+1—-1)/2—k)—a(r—u) (2.3.17d)
Bla,b,b+1)=bb—1)/4—(a+k— 1)b/2 + ak/2 (2.3.17¢)
fla, b,b—1)=b(b—1)/4— (a+ k)b/2 + alk + 1)/2 (2.3.17f)

Proof.  From the discussion above if suffices to verify (2.3.9), (2.3.10),
(2.3.15), (2.3.3), (2.3.4), and (2.3.5).

To verify (2.3.9) substitute for D%’ (2.3.17) and then use (2.2.3) in the
form

m—1
S

— m (/2 (m+a-b)~rA m—1 2.3.18
|:m+a—b rl] 7 [m+a~b_rl] (2.3.18)
2 2

to replace the Gaussian polynomial in the function D (@, b + 1, b). This
shows (2.3.9) is true for all b.
Similarly (2.3.10) follows immediately, if we use (2.2.2) in the form

m—1
—b
[%_m_l

2

= gla-b-miz=ra m . m—1
m+a—b_r/l m+a—b_r/1
2 2

(2.3.19)

to replace the Gaussian polynomial in the function D{¥(a, b + 1, b).

To verify (2.3.15) we merely substitute (2.3.18). The result follows
without any manipulation.

To check (2.3.3) consider F*®(qa, 0, 1) as defined by (2.3.19). Replacing
4 by —A4, then using the property of the Gaussian polynomial (2.2.4) shows

g% (a,0,1)=g®(—a,0, 1) (2.3.20)

Hence from (2.3.17), (2.3.3) is satisfied. For the boundary condition (2.3.4)
consider F®(a,r,r — 1) as defined by (2.3.17). Replacing 4 by —(1 + 1),
then using (2.2.4) shows

g a,r,r—1)=g®(—a,r,r—1) (2.3.21)
which from (2.3.17) establishes (2.3.14).
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It remains to verify (2.3.5). When m =0 the only nonzero term in
(2.3.17) is the A = 0 term, since from (2.2.1)

[1(\), ] =0g.n (2.3.22)

Hence, since 1 < a, b <r— 1 we have from (2.3.17) when m =0
g“(-a,bbx1)=0 (2.3.23)
g¥a bbbt )=q "5, (2.3.24)

Substituting (2.3.23) and (2.3.24) in (2.3.17) we establish (2.3.5) and thus
the theorem. 1

2.4. The Large m Limit

We require the m— co limit of the P, (1.6.3). This is equivalent to
taking the m— co limit of g¥*™?D*(q, b, b + 1) provided this limit is
nonzero. Let us consider this limit first. Define the function
F(a, b — k; qI/Z) — qa(a—l)/4 [q—a(b—k)/ZE(_qr(b~k)+(r~a)(e—u), qu(rfu))

_ qa(b—k)/ZE(_qr(b~k)+(r+a)(r—u), q2r(r7u))] (241)
and denote by “lim,, , ” the limit m — oo restricted to those values of m in

D, (a,b, b+ 1) with the same parity as a —b. Then we have the following
result.

Theorem 2.4.1. Let1agr—1,1<bgr~2. Then
lim ¢~ *"2D®(a, b, b + 1)

m—-oo

— (Q(q))—lqb(bf1)/4—(k~1)b/2F(a’ h— k; ql/Z) (242)

where
k= [u(b+ 1)/r] (2.4.3)
and
lim qkm/ZD}:lc)(a’ b+ 1, b)
= 0@)] PO R @ b kg ) (244)
where
k= [ub/r] (2.4.5)

The function Q(g) is defined by (2.2.6).

Proof. Firstly, note the values of k follows from the definition of the
D% given in Section 2.3. The theorem follows immediately after taking the
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limit inside the summation (2.3.19), then using the formula for the limiting
form of the Gaussian polynomials (2.2.5). The resulting expression is iden-
tified with (2.4.1) using the series expansion of the E function (1.4.1). #§

Next we consider the conditions under which the function F vanishes.
This occurs when

(b — k)= I(r — )/ (2.4.6)

for some integer /. To see this substitute (2.4.6) for (b —k) in the second
term of (2.4.1). Then in the series definition of the E function (1.4.1) replace
A by A+ m. The second term is then seen to be equal to the first in (2.4.1)
and thus F vanishes.

Note from (2.4.3) the quantity bk in D'(a,b,b + 1) is monotone,
taking the value 0 to r —u — 1 inclusive. Thus is this case the condition
(2.4.6) is only satisfied when

b—k=0 (24.7)

From (2.4.5), b—k in D(a, b + 1, b) is again monotone, taking the values
0 to r — u inclusive. Hence is this case the condition (2.4.6) is satisfied when
b—k=0 or b—k=r—u (2.4.8)

To take the m — oo limit of the P, under the conditions (2.4.7) and
(2.4.8) we expand ¢ D®(q, b, b + 1) in powers of g~"/*. This is done

via the special case of Lemma2.4.8 of A [choose B=(a—b)/2—7rA,
b=b—rl]

: —m/2 m m
4 ta—b } _’m+a+b }
m-oo m —
— ST )
— q—b/2(1 _ q(b——rl))(q—a/2+r(/1+l) _*qa/2+1—r/1)/(1 __q) Q(q) (249)

where /=0 or 1 according to (b — k) equaling 0 or » — u, respectively. Using
(2.4.9) in (2.3.17) we readily derive the following result.

Theorem 2.4.2. Ifbh— k=0,

lim g~"*(q"*""*DY(a, b, b + 1))
m-oc

=(@"" P (1= g")/(1 - 9) Q@) Fla, 1;4'7)  (2.4.10)
and

lim g~ ™*(g""*D®(a, b + 1, b))

m-—oo

= (g0 VATKOT IR (] — gh))(1 - ) 0(@)) @, 13¢?)  (24.11)
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Ifb—k=r—uy,

lim q=""*(g“"*D{(a, b + 1, b))
m-co

= (q"OT VTR — " 1T)(1 - ) Q(9)) Fla, r —p— 15.4"7)
(2.4.12)

Theorems 2.4.1 and 2.4.2 provide the limiting value of the P, for all
allowed values of 4 as given by (1.4.11), except 4 = (r— 1), in which case
F(a,0;9)=F(a, 1;q)=0. From (1.4.11) the case g =r— 1 corresponds to
Regime II when s = 1, Regime III when s =r— 1 and Regime IV when s =
(r—1)/2. As noted in Section 2.1 we can use the results obtained in A for
Regime I when s =1 to write down the P, in these cases.

Thus substituting Theorems 2.4.1 and 2.4.2 in (1.6.3), provided
u# (r— 1) we have computed P, in the m > oo limit.

Theorem 2.4.3. Consider the portion of Regime III; corresponding
to Regimes I, II, III, and IV, excluding the case u=r— 1. Suppose we
impose the boundary condition of heights 6,6+ 1 (1<bh<r—2) on the
second end and end sites, respectively, of each row. Define k& by (2.4.3).
Then if b—k+#0

P,=E(x* y)F(a,b— k;x)/ ril* E(x® y)F(a,b—k;x) (2.4.13)

while if b — k=10

P, =E(x% y)F(a, 1; x)/ rf* E(x% y)F(a, 1; x) (2.4.14)

Suppose instead we impose the boundary condition of heights b+ 1, b
(1<b<r—2) on the second end and end sites, respectively, of each row,
and now define k¥ by (2.4.5). Then if b—k+#0, r—u the P, is given by
(24.13) and if b — k=0 by (2.4.14). If b —k =r —u we have

r—1

P,=E(x% y)F(a,r —u— l;x)/z *E(% y)Fla,r—u—1l;x)  (2.4.15)

a=1

It remains to consider the case g =r— 1, which from (1.6.11) and
(1.6.12) is equivalent to considering the limiting behavior of the sum D,
with ¢ =1 and |g| > 1. This limit has been calculated in A (Theorem 2.6.8).
Hence substituting the results of A in (1.6.12) we have evaluated the P, in
Regime 11, which from (1.6.11) gives the P, in Regime Ill,; with u =r — 1.
We will present the results for Regime II;.
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Theorem 2.4.4. Define the function

E(g°,q") E(—2 9)(Q¢")’ (2.4.16)
E(—z,q") E(—q°z,¢")(Q(q))’

This is an analytic function in the domain 0 <|z| < oo and so has the
Laurent expansion

(pa(z) =

D,(z)= i NaxZ (2.4.17)
k=—c0
Define 4, , by
P e (2.4.18)
Coznsider Regime II,;, given by (1.6.10). Then in terms of the 7, , with
g=x"

r—1
P,=E(x", y)ﬁa,(aﬂ')/z/ > FEX Y) Aaaiin (2.4.19)
a=1

If the boundary condition of the second end and end site of each row is
heights b and b + 1, respectively, then the parameter j in (2.4.19) has the
values

(m — b) mod(2r — 4) (2.4.20)
while if they are b + 1, b then j has the values
—(m+ b+ 1) mod(2r — 4) (2.4.21)

(thus for the limit m— oo to be well defined we must, in the limiting
procedure, hold either (2.4.20) or (2.4.21) fixed). Furthermore we require j to
have the same parity as a.

2.5. Number of Ground States from the P,

We noted in Section 1.6 that the number of distinctive ground states will
equal the number of distinctive P, in the given regime. Let us now check that
assertion. First suppose the center height @ is even, so we are considering
even ground states. Consider the case u # (r — 1). From Theorem 2.4.3 the
number of distinct P, for boundary heights b + 1, 4 is equal to the number of
distinct values of b — k, minus 1, where k is given by (2.4.3). For boundary
heights b, b + 1 the number of distinct P, is equal to the number of distinct
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values of b — k, minus 2, where k is given by (2.4.5). In the former case there
are r — u distinct values, while in the latter there are r — u + 1. Thus in both
cases the number of even ground states is r —u — 1. Similarly there are
r —u — 1 odd ground states, giving a total number of 2(r — u — 1) distinctive
ground states. By writing down the corresponding value of ¢ in terms of s
from (1.4.11) for Regimes I-IV, 4 # (r — 1) we see this is indeed the number
of ground states given by Table L.

When y =r — 1, from Theorem 2.4.4 we see the number of even ground
states is given by the number of distinct values of the parameter j, which is
r — 2. Similarly there are » — 2 odd ground states, giving the total number of
distinctive ground states as 2r — 4. This is consistent with the number of
ground states given in TableI for Regime Il with s =1, Regime III with
s=r-—1 and RegimeIV with s=(r—1)/2 all of which correspond to
Regime Il; with y =r — L.

2.6. Normalization Constant

We have now calculated the large-m limits of the D,, in (1.6.3). We still
need to evaluate the normalizations S and T as defined by (1.6.6) and
(1.6.14). In A we showed that S could be expressed as a single product of
two E functions, and T as a Q function. This is again the case here. Indeed
the summation formulas proved in A (Theorems 3.2.1 and 3.2.3) contain the
required identities.

In Theorem 3.2.1 of A choose m = 2u, z=x*"? and ¢ = —1. We then
have the identity

S(X, y)E Z* x@-1/2-(b-ka E(xa’ y)
—r<a<r
3% E(_x2(r~u)(r7a)+2r(b—k), x4r(r—u))

= 1/2(E(—x""%, x) E(x®7Y, y/x) + E(x"~*, x) E(~x~ """, y/x))
=x " @-RO=k+ D12 By x*Y E(xP X, y/x) (2.6.1)

where to obtain the last line from the second last we have used the simple
identities

E(x*,x)=0 (2.6.2a)

E(—x7% x) = 2x"@" V2 F(—x, x*) (2.6.2b)

valid for all integers u. The identity (2.6.1) is true for all integers b and k
and all real numbers y, x such that

»=x', Iugr—1 (2.6.3)
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Noting (2.6.4) is consistent with (1.4.7), and by grouping together the a and
—a terms in the sum S(x, y) using the identity

E(x7% y)=—x""E(x% ) (2.6.4)

we see S(x, y) is the required normalization constant in Theorem 2.4.3. We
have thus calculated the normalization constant in all cases except y =r — L.

Recall the case g=r—1 corresponds to Regimell with s=1,
Regime [II with s =r — 1 and Regime IV with s = (r — 1)/2. In Regime 11
with s = 1, from (2.4.19), (1.6.11), and (1.4.12) we require the sum

r—1

Ty= Y "E@%x") fig@inn™ ) (2.6.5)

a=1
In Regime III with s =r — 1 we require

r—1
T2 — z * E(xa(rfl), xr/(r—l)) ﬁa’(aﬂ)/z(x(r—z)/(rfl)) (2.6.6)

a=1
while in Regime IV with s = (r — 1)/2 (r odd) we want

r—1
T3 — Z * E((_xl/(r—l))a’ _xr/(r71))ﬁa,(a+j)/2(—x(r72)/(r71)) (26.7)
a=1
The values of x in these sums is given by (1.4.4) and (1.4.5) or (1.4.4) and

(1.4.6) depending on the regime. Further, we have written 7, , = 7, ,(q)-
In A (Theorem 3.2.2) we proved

r—1
Z *E(xa’xr) ﬁa,(aJrj)/Z(xrfz): Q(xr_z) (268)
a=1

where the function Q is defined by (2.2.6). This evaluates 7, immediately, 7',
by replacing x with x*“~" and T, by replacing x with —x "/~ (and noting
r is odd).

2.7. Final Results

We can now write down the expression for the PI(r,s, y) (T=1-1V,
where we are using the notation of Section 1.4) using their relationship to the
P, in Regime I1I;; given by (1.4.11).

In Regimes II and IIL, where 0 < p < 1, we can define ¢ = nK'/K, & > 0,
so from (1.2.4), (1.4.4), and (1.4.5)

p=e~% x=e Ve y—p—inle (2.7.1)



460 Forrester and Baxter
In Regimes I and IV, where —1 < p < 0 (&d thus K’ =L’ + iK) we can take
e=nL'/K, ¢ > 0, so from (1.2.4), (1.4.4), and (1.4.6)

p=—e"% x=e /e y=—e "¢ (2.7.2)

With the notation introduced in (2.7.1) and (2.7.2) we write the arguments of
the P3's in (1.4.11) in terms of the variable y and the parameters r and s.
Thus

lez(ra s, y) :PZHG(_|y|1_(2S/r)a Y, r— 2S)
Pl(r,s, y)=PMe(y' ", y,r —5)
Pl(r, s, y)=Ps(y*", y,5)

Pl(r, 5, y)=P(|y|*", p, 2s5)

(2.7.3)

In all cases except u =7 —1 [i.c., Regime Il s = 1, Regime Ill s =r — 1
and RegimeIV s=(r—1)/2] P;"¢ is given by Theorem 2.4.3 with the
normalization constant given by (2.6.1). In the case 4 =r — 1 we have from
(1.6.11), Theorem 2.4.4, (2.6.8), and (2.7.3)

Pil(r, 1, ) =P (r,r — 1, )
=E(" ) fasarnpn(Y™2NQGITY) (274)
P(r, (r—1)/2, )
=E(31")% 2) flaarpn(—1 917 2Q19|7727) (2.1.5)

3. CRITICAL BEHAVIOR

3.1. The P, in Terms of the Original Variables

In Section 1.5 we saw how the different regimes are characterized by
different numbers and types of ground states. For given values of v and # in
the weights (1.2.2) the regimes depend on the sign of the variable p (1.2.4).
When p = 0 the model is critical (the actual regimes which are coexisting at
this point can be determined from Figure 5). Thus p measures the deviation
from criticality so it is desirable to obtain expansions of the P, in terms of
this variable. To do this we require the conjugate modulus form of the
expressions (2.7.3), (2.7.4), and (2.7.5) which converts the variable y therein
to p [recall we use a conjugate modulus identity in Section 1.4 to write the
weights (1.2.2) which were functions of p in terms of y].

We will express our results in terms of the Jacobian & functions®
defined in terms of the complex variable u, and parameter g(|¢| < 1) by
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0

el(u’ q2) — lq‘l/‘i Z (_I)n qn(n+1) eZiu(n+1/2) (311)

n=—w

bia)= S (1) g”etom (3.1.2)

H=—0

0,(u, g") = 6,(n/2 + u, %), Os(u,q")=0,(n/2 + u,q*) (3.1.3)

As in A we have taken g’ rather than g as the nome since we encounter 6,

functions with ¢* negative. Since the definition (3.1.1) is a function of ¢* this

is unambiguous. However 6, is a function of g rather than g* This will not

cause any problems as we will only encounter 8, functions with g positive.
Also it is convenient to define

0w, gy =11a"" 0w, q*),  i=1,2 (3.1.4)

The conjugate modulus identities we require are

0, (us e °) =p(u, e) E(e—*™/ % =4/ ) (3.1.5a)
O4(u, e %) = p(u, €) E(—e~4/e g=47%/¢) (3.1.5b)
0, (u/2, —e= %) =22 p(u, &) E(e~+™/5, —e~47"/?) (3.1.5¢)

0,(u/2, —e~ ") = 22 p(u, &) E(—e ™% —e~47¢) (3.1.5d)
where
p(u, €)= (2n/e)"/* exp|(2nu — 2u* — n?/2)/e] (3.1.5¢)

(see A for references).

We have already applied the conjugate modulus transformation to the
function 7, (exp[—2z*(r —2)/re]) which occurs in (2.7.4) [Egs. (3.37)-
(3.3.15) of A]. Define

(r=2\" 3 re (r—2)n* (r/2—a)’n’
Fa.= ( r ) xp [_—8—+ 24(r—2)  6re + 2rle ]
X fy (exp[—2n*(r — 2)/re]) (3.1.6)
t=pl=2 =g e/t-D (3.1.7)
oy L 8l 0 e, ) o)

Q") 6,(u, t) 0,(u + ma/r, t)

Let F, have the Fourier expansion

F,(u)= i San€ (3.1.9)

n=—w
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Then 4, ;, and thus from (3.1.6) 7, ;, is given by

4 r—13 1 ,
la,,:T D exp [—Zm‘ (j+-2——%)/(r—2)] T g (3.1.10)

n=0

The same approach  suffices to convert the function
fla, {—exp[—n*(r — 2)/re]) occurring in (2.7.5). Define

_<r—2>1/2e [ er i (r—2) 7r2< r>2J
Vai= =7 W\ 2=z " 28 207\ 2

X g (—exp [__nz(r_—Z)D (3.1.11)

re

0 (rna/2r, —t) Oy(ur, —t") Q*(—1)
0, .(u+naj2r,—t) B,(u, —t) Q*(—t")

G, (u) = (3.1.12)

where ¢ is defined by (3.1.7) and 7= 1 if @ is even and t =2 if a is odd. Let
G, have the Fourier expansion

G )= > g, et (3.1.13)

m=—o

and denote

-3
Y=(tﬂ/s(r72)/r) rz Zom (_l)mt—m(zmﬂ)/(r_z)
«a

m=0

X exp{—ni{dm + D)[(r — 1)/2 4+ j—a/r}/2(r —2)} (3.1.14)

The following the same procedure as used in A to derive (3.1.10) we find

(1)~"?y, aeven, 3(r — 1) even
i(—1)7y, aeven,i(r—1) odd

ras= ) - (3.1.15)
i(—1)™"*Y, a odd, 3(r — 1) even
(=1)?Y, a odd, 3(r—1) odd

We are now in a position to apply the conjugate modulus transfor-
mations (3.1.5) to the P,. However first note the P, have been defined in
terms of the boundary conditions, which we know determines the underlying
ground state. It is more convenient to label the P, explicitly by the
underlying ground state. Consider the P, in RegimeIll; for u#r—1 as
given by Theorem 2.4.3. From Section 2.5 the ground state can be labeled by
the value of b — k in the function F(a, b — k; x), there being as many distinct
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values of b — k as ground states. Let us denote b — k by d. Then form the
discussion on the ground states contained between equations (1.6.1) and
(1.6.2) of the text it follows d labels the allowed ground states in order from
lowest to highest (recall from Section 1.5 that for u = r — 1 the ground states
are of the type N, or S; which have a natural ordering according to the value
of /).

A reformulation of the results in the case of 4 = r — 1, when the ground
state is of type R (recall Section 1.5) has been given by Huse.® We want to
write

pP,=PY, (3.1.16)

where P, is the probability of finding the height /;=a at a given site / in
the interior of the system. To do this consider a unit cell of the ground state
R which can be chosen to be the (2r — 4) adjacent sites in a row, numbered
n=0, l,..., (2r —5) with the odd numbered sites on the X sublattice. The
(r — 2) odd (even) ground states and their corresponding phases may then be
numbered by the odd (even) integers O < J < (2r — 5), so that in each ground
state the height at site J in the unit cell is equal to 1. To rewrite the
expressions (2.7.4) and (2.7.5) in terms of this labeling system we merely
replace the j therein by J/ —n — 1 for odd ground states, and by J— r for
even ground states, where in both cases n must have the same parity as a.
Denoting the P, for the odd and even ground states by ©“““P_ and ©¢*P,,
respectively, we clearly have

(dd)pU) . (ev) p—1) (3.1.17)
o gl 1

Hence is suffices to write down the 9P, only.

Applying the transformations (3.1.5) to our results (2.7.3), (2.7.4), and
(2.7.5) and writing them in terms of the labels d, J, and n defined above we
have

P‘II(F, s p) — _ (_I)Q(k+1)+k(k+l)/2Ra H(d, 2S; ipll/(ZS(r—Zs)))
X (650, —| p|""~*) 8,(zrd/2s, | p|™))~* (3.1.18a)
P(r,s; p) =P} (r,r —s; p) (3.1.18b)

Pl (r, 53 p) =R, H(d, r —s; p/s0=97)

X (Oa(n/4, p7*) 0, (msd/(r — 5), p"/"=)) !
(3.1.18¢)

AP, = 15 P) = Ao o s-ne 12 Oulmafr, Y/Q(R7TY) (3.1.184)
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Pg'(r,s3 p) = R H(d, r — 253 | p [/ 27)
X 10,(n/4,| p|"*) Or(msd/(r — 25), —| p|"""~*9)] 7!
(3.1.18¢)
P, (7 = 1)/23 P) = Tartass-n-1y2 Ou70/27, PYQ(| pI7?)(3.1.180)

where

R, =8,(nas/r, p)/r (3.1.19)
H(d,v;q)=90, [% (%——‘lr-);q] — b, [%(%—F%);q] (3.1.20)

In (3.1.18a) t=1if d is even and 4 if d is odd, and in (3.1.18f) ' =1 ifa is
even and 2 if g is odd. In (3.1.18¢) s # r — 1, and in (3.1.18f) s = (r — 1)/2 if
r is odd. Further we recall from (2.7.1) and (2.7.2) that p is positive in
Regimes II and III and negative in Regimes I and IV.

When s=1 in the above expression (s=r—1 in RegimeIll) we
showed in A that at p=0

4
P,="sin? L (3.1.21)
r r

for each regime and further gave the next term in the expansion of the P, as
a function of p [Eqs. (3.3.22) of A]. We can calculate similar expansions for
s# 1 from the above results. For Regime IV with s = (r — 1)/2, r odd, we
first need to note from (3.1.12) and (3.1.13) that for 0 < m < (r — 3)/4

2(—1)0 =32 gmmialr—dm=1)/4r gin % (r—4m—1), aeven
8am,a ™
l-(e—ina(r~4m—1)/2r . (_1)(r—1)/2), a odd
(3.1.22)
while for 0 < m < 3(r — 3)/4 and (r — 3)/2 even
mf(r=2) ,—mi(l—2m)/2r i &
2|p| e sm—ir—(2m+1), aeven
Sw/nr-n+ma™ a
2i| p|Pm/ =D gmmiim2m)/2r cosTr—(Zm +), a odd
(3.1.23)

and for 0<m3(r—5)/4+ 1, (r—3)/2 odd, a even or odd

; . a
/-1 +2ma™ 2 |P|(2m+”/(r72) emam/rj s > (m+1) (3.1.24)
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We find in each of the cases s > 1 (s #r — 1 in Regime III), that with
one exception to be noted below: ‘

X 4 s
Pa(r’S;p)N \_ Ca,np_bn+——81n2£;~l—— (3125)

n=1 r

Here x and the C, , may depend on r,s, the phase and regime. Also x> 1
and the C, , have the property

r—1
N*C,,=0, I<n<x (3.1.26)
a=1
[the asterisk has the same meaning as in (1.6.9)], and the b, are positive. In
Regime I the largest b, is

st—1 (5= st 2

b = — . b = s
M 4s(r —2s) d odd; max 8s(r — 2s)

deven (3.1.27)

while i Regime II, Regime III [s # (r — 1)] and Regime IV [s = (r — 1)/2,
rodd] we have b_,, given by

_ 2 2 _ 1 2 1
r=s)y—1 il [ (3.1.28)
8s(r —s) 8s(r —s) 4s(r — 2s)
respectively. In Regime IV with s = (r — 1)/2, r odd we have
I 30 =3)r—-3) (3.1.29)

M 8(r - 2)?

Hence in these case the P, diverge at criticality. This is possible, since from
Section 1.4 we know these case are unphysical (i.e., there are negative
Boltzmann factors), so the P, do not have to be positive. The normalization
condition (1.2.8) implies these divergent terms must cancel when summed
over a, which is what we observe in (3.1.26).

The expansion (3.1.25) has the remarkable feature of containing as the
constant term (i.e., term independent of p)

4 gin2 ™ (3.1.30)
r r

which is the obvious generalization of the critical density (3.1.21) in the
physical case s = 1. .

Since the P, are diverging at criticality, it is not possible to define
exponents of the order parameters in the usual sense. However, as

822/38/3-4-3
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commented above, there is one nonphysical case in which the P, do not
diverge. This is in Regime IV with r =5 and s = 2. From (3.1.15), (3.1.18f),
(3.1.22), and (3.1.24) we deduce the expansions

OPIN(S,2; p) ~-sin? T L (- 1>“”< ’1‘3)(51 5

5 5
( M s
o | cos » (3.1.31a)
(0dd pIV(5 2. ) ~—:—sin22—§a——%(“l)(a“m (sin 7[5_‘1) (cos %)
y [sim (J;n)]pl/g (3.1.31b)

for a even and a odd, respectively. Thus the critical exponent £’ in this case
is 1/9.

3.2. Free Energy

The free energy of the SOS model defined by the weights (1.2.2) can be
calculated using the inversion relation method.® From the symmetries of the
partition function given in Section 1.4 it suffices to calculate the free energy
of the regions given in Fig. 5. Indeed if we consider the model as defined in
terms of the conjugate modulus variables by (1.4.2) it suffices to calculate
the free energy in Regime III; (u #r — 1), Regime II; as given by (1.6.10)

and the regime
[y < w| <[Uyx? 2, y=x' (3.2.1)

which we will denote Regime VIII;. To see first define p’ in (1.2.2) by
p’ = polh(2n)] " exp[n(v? —n*)/2KK'] (3.2.2a)
p' = polh(2m)] " exp|n(v? —n*)/2KL’] (3.2.3b)

for p>0 and p <0, respectively. Then one can check the symmetry
properties of the weight function W (which we will consider as a function of
w, X, and y as defined by (1.4.4), (1.4.5), and (1.4.6)

W(w, x, y) = w2 W(1/w, p/x, y) (3.2.3a)
=w(y/x)"* W(wy, x, ¥) (3.2.3b)

where the = sign means the partition function given by the equated weights
are the same [thus the actual weights may differ by a factor of the form
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n
K/2
p<O
v v
| sE(r-1/2
Re(v)
-K/2 3IK/2
M
K/2
p<O
A"
X s=(r-1y/2
1
Re (v)
-K/2 K
n
K/2
K/ B >0
m " sZ1
Re (v)
-K/2 2K
n
K/2
p >0
il Vi s=1
1}
Re(v)
-K/2 3IK/2

Fig. 5. Regimes I to X in the domain 0 <# <K/2, —y < Re(v) < 2K —#. The P, and
partition function Z in the portion of the Re(v) — # plane not shown above can be deduced
from the symmetry relations given in Section 1.4.

(1.3.1)]. The symmetry (3.2.3a) maps Regime III, to RegimesI and II;
Regime II; to Regime III with s = — [ and to Regime IV with s = (r — 1)/2;
Regime VIII; to Regime X. The symmetry (3.2.3b), after one iteration, maps
Regime III; to Regime IV’ (we consider this regime explicitly since at p =0
it coexists with Regime VIII).
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Let us denote k" = k" (w, x, y), where T denotes the regime, x the free
energy per site, and w, x, y are given by (1.4.4) and (1.4.5) for Regimes II,
III, and VIII and by (1.4.4) and (1.4.6) for Regimes I, IV, and X. Further
denote Rx” = w'?k™(1/w, y/x, y). Then from the discussion above we have
the relations

k! = Rx'Me kT = Ryl

KIII — K.IIIG(yr—l +* xr) KIII — RK“G(yr_l :xr)

KIV — KIIIG(y(rfl)/Z :/:xr) KIV :qug(y(rfl)/z =xr)

KVllI — KVIIIG K,'X :RKVIIIG (324)

KIV’ — (WZyZ/x) KIHG(WyZ, X, y)

With p’ given by (3.2.2), let us further define the parameters A, &, and g
by

A=2mn/K’, u=n(n+v)/K’', q=e KK (3.2.5a)
for p > 0, while for p < O define
A=mn/L’, u=mn(n+v)/2L', g>=—e ™1 (3.2.5b)

Then the definition of the weights (1.2.2) coincides with that of the weights
given by Egs. (6.1)—(6.5) of Ref. 6. The free energy in Regimes I, II;, and
VIII; can then be written down immediately from equations (6.32)a, b, c,
respectively, of Ref. 6 (although only the case of g® positive was explicitly
considered in these equations, this restriction is not necessary). Define the
functions Y by '

Ce/w)" J(1— w™)(x" + x~"p")
n(l—p")(1 +x%)

HE"—yCe/p)"— (/)" |+ (L —x")(w" —x ")}
n(1 = y")((x/y)" +x77)

(3.2.6a)

o= § 10

YZ(W,)C, y) = i (lmw_n
(3.2.6b)

+ XX + (/x)"] — 7"+ x")[(wy)" + (x/w)"]
n(1—y")(1 +x")

Y3(w,x, y): i (1
(3.2.6¢)

Then we have

log x'Mé(w, x, y) = log p, + Y (w, x, ») (3.2.7)
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log w log(x*/y)

gy TR (328

log k"o(w, x, y) = log p, +

1
log kV'"e(w, x, y) = log p, + —i—log wix + Yi(w, x, y) (3.2.9)

We are particularly interested in the leading order singular behavior
near criticality. To do this we apply the Poisson summation formula®® to
express the sums (3.2.6) as a series of Fourier integrals. The leading order
behavior near criticality is then deduced from the n = 1 term of the series, by
deforming the contour of integration around the poles of the integrand in the
upper half-plane. Hence we deduce the leading order singular term in each of
the regimes in Fig. 5 to be proportional to

Regime I:  (—p)7/ =29 (3.2.10a)
Regime II:  p”/U~? when s = 1; p’/?U"~% otherwise (3.2.10b)

r/2

Regime III: Owhens=1,rodd; p”* log p whens = 1, r even

p"'* otherwise (3.2.10¢)

Regimes IV and IV':  (—p)"* (3.2.10d)
Regime VIII: p"/? (3.2.10e)
Regime X: (—p) log|p] (3.2.10f)

where by 0 we man log x is in fact an analytic function of p at p=0. In
(3.10a, b, d, ) when r and s are such that the exponent of p is an integer the
term is to be multiplied by log | p|.

Note that since we are only considering the portion of the Re(v) —#
plane given in Fig.5 we have 0 < s/r < 1/2 (r, s relatively prime). When
s =1 in Regimes [-IV these values agree with those given in A.

4. SUMMARY

We have completed a study of the restricted SOS model with weights
given by (1.2.2) or equivalently (1.4.2), began in an earlier paper” (referred
to throughout as A). Whereas in A we considered only the case n = K/r, r a
positive integer >4, here we considered all cases # = sK/r, s and r relatively
prime integers (r > 4).

Both the free energy and local height probabilities are calculated.
However in all cases except s = 1 the model is unphysical: there are negative
Boltzmann factors. Thus the local height probabilities can be negative. In
fact we find that at criticality they diverge. The singular part of the free
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energy does not diverge at criticality. We given the leading order behavior in
both cases.

The calculation of the local height probabilities is of independent
mathematical interest. Using the corner transfer matrix technique we obtain
expressions for this quantity in terms of m-fold sums. We express these sums
(which are generalizations of combinatorial sums in Schur’s® proof of the
Roger’s—Ramanujan identities) in terms of Gaussian polynomials, and show
that in the limit m— oo they are modular forms. Thus the study of the
statistical mechanical model has resulted in the discovery of further
generalizations of the Rogers—Ramanujan identities (which are presumably
related to Gordon’s generalization ™).

APPENDIX

The corner transfer matrix (C.T.M.) technique when applied to the
definition (1.2.7) of the P, has been described in detail in Appendix A of
paper A. In particular we were able to obtain tractable expressions for the P,
[Eq. (A26) of paper A] in domains analogous to Regime III; with y #r — 1
(1.4.10) and Regime 11 (1.6.10). The final expressions, analogous to (1.6.3),
were then obtained by studying a special limiting case.

The only difference needed in the present case to the procedure given in
paper A to derive (A26) is essentially one of notation. Here we work with
the conjugate modulus form of the weights (1.4.2), where the variable is w,
rather than the weights (1.2.2), where v is the variable. Other than this Egs.
(A1)-(A25) represent the necessary working to obtain tractable expressions
for the P, in Regime III; (u = r — 1) and Regime 11;. Thus following these
workings step by step we derive the expression for P,

P,=Tr S ,R}e n#M Tp R2g~2ntn¥/M! (n
where
(S =0(,a)6(,1") 2)

exp[n(v —n)#/M'] is the diagonal form of the single C.T.M. A, and in
Regime IIl; 4 #r — 1,

1=2,  (R)y=EX", y)o01) 3)
while in Regime Il
t=2-r, R =xy MERD, p)6Q,1) @)
[we have used the notation (L, 1) = [[7_,; d(Lk, I1)].
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Recall from (1.4.4) that

1/2 —2an/M'

x?=e and  w'/r=er@ M (5)

which expresses the above results in terms of x and w. In (2), (3), and (4) 1=
{I,, 1., 1,) denotes the first m heights of the center row, beginning at the
center height and moving right (recall from Section 1.6 the heights /,,. , /.., ,
and the fixed boundary heights of the center row). Further note the definition
of the diagonal matrix -2 used here differs from that used in paper A by the
scalar factor n/M’.

The matrix A is dependent on the boundary conditions. It is defined in
terms of the local face transfer matrices'” U, where

Uw =W L Lo 0) 1] 006 10) (6)
k=1
*J
We have
A=F,F,...F, (7
where
Fj:Ufr{)HU;{)Um~1"'Uj (8)

the superfixes on U, ., and U, denoting the fact that these matrices (but not
U,,..., U,_,) depend on the boundary heights and hence the value of j in (8).

The weights (1.4.2) are analytic functions of w'/, and thus from (5) are
analytic functions of v of period 2/M’. Hence within both Regimes II; and
1, the elements of the C.T.M. A and its diagonal form exp[(v — #)#/M'|
are analytic functions of v of period 2iM’ and thus of the form

[0 ] = V72 51, 1) ©)

Assuming that -# does not change discontinuously with x, the integers
N(1) must be independent of x. They can therefore be obtained by studying a
particular case, the obvious choice being one in which the C.T.M. A is
diagonal (or near diagonal). Note from (6) the off-diagonal elements of U,
(and thus the C.T.M. A) involve the weights f8,, while the diagonal elements
involve the weights y; and J,. Thus if we can choose a limit such that

|B1/(16)1 -0 (10)

for /=2,3,..,r—2 the C.T.M. A is in its diagonal form. If x4 as defined by
(1.4.7) is such that u and r are relatively prime (as is the case with the
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potion of Regime Ill; corresponding to Regimes II and IlI, and in
Regime II; where ¢ = 1) then (10) is realized in the limit x> 0, w~ 1. We
find the weights (1.4.2) (setting v = 1) become

W(l,m' | I',m) = w0 g, (11)

where the function ¢ is defined by (1.6.2). The C.T.M. A is then diagonal
with entries

All

:]s

LAURH IR (YD
j

:__w«b(l) (12)

I
—

where ¢(1) is given by (1.6.5).

In the portion of Regime I11; corresponding to Regimes I and IV with »
even, we only require 4/2 and r to be relatively prime, so that 4 and r have
the common factor 2. In these cases (10) fails for /=r/2. This means
nonzero off-diagonal elements of the C.T.M. A occur when

L+l and L =L, =0L_ =, ,=r2 (13)

Thus A is block-diagonal, so can be readily be diagonalized: the diagonal
form is again given by (12).
Hence in all cases we have

N(1) = 24(1) (14)
Replacing # — v by 2t in (9) and (5) gives
[e—ztr,nI/M’]”I:xtah(l) 5(1’11) (15)

Substituting (15) in (1) we obtain the resuits (1.6.4)-(1.6.6) and (1.6.12)
(1.6.14).
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